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This letter generalizes the expression for the average square fidelity of single qubits, as described
by Bowdrey [1] et al., to the case of two or more qubits. We use symmetries evident in an algebraic
approach utilizing basis elements for the density-matrix expansion expressed as Kronecker products
of n Pauli spin matrices. The results have applications to measurements of quantum information,
for example in ion-trap and NMR experiments.
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The fidelity, usually defined[2] as







(the square of the Uhlmann [3] formula), measures
the correlation between two states represented by their
density matrices ρ and ρ′. The evaluation of fidelity
is important in the storage, processing and commu-
nication of quantum information[4, 5], for example in
optical qubits[6], ion-trap measurements[7] or NMR
experiments, especially those with high-purity state
preparation[8]. The expression (1) is simplified if one of
the density matrices, say ρ, is in a pure state: ρ = |Ψ〉 〈Ψ|
. Then ρ is idempotent so that ρ1/2 = ρ and




|Ψ〉 〈Ψ| ρ′ |Ψ〉 〈Ψ|
)2
= 〈Ψ| ρ′ |Ψ〉 = tr(ρρ′).
(2)
This is a convenient form for calculating the fidelity of
two output states coming from the same initial pure state
ρ0 = |Ψ0〉 〈Ψ0|, where ρ is the result of a unitary trans-
formation that preserves the purity of the state, and ρ′





The average fidelity is defined by averaging over all pos-
sible initial states ρ0 :
〈F 〉 = 〈F (ρ, ρ′)〉ρ0 = 〈tr(ρρ
′)〉ρ0 . (4)
In the case of the single qubit, the average can be found











(1+ σ1 sin θ cosφ+ σ2 sin θ sinφ+ σ3 cos θ) (6)
and dΩ = sin θdθdφ is an element of solid angle. Unfor-
tunately, the corresponding integration seems intractable
for the more general n-qubit case. However, Bowdrey et
al. [1] have shown how the integration can be exactly re-
placed by a finite sum in the case of a single qubit. Here,
we extend this result to n-qubit systems.
To explain our approach, we first rederive the result
for a single-qubit systems. The density matrix of a sin-
gle qubit can be written [9] in terms of the polarization














When ρ is in a pure state, P lies on the surface of the
unit sphere
P
2 = (P 1)2 + (P 2)2 + (P 3)2 = 1, (9)
whereas for a general mixed state, it lies within the
sphere: P2 < 1. When P = 0, the state is unpolarized
(contains no polarization information).
If we use expression (8) for the initial state ρ0, the




































We want to average F over initial states, that is over all
possible directions of P. Since the components are in-
dependent and as likely to be positive as negative, the
2average value of Pj and of PjPk, j 6= k, vanish. Further-
more,
〈(P 1)2 + (P 2)2 + (P 3)2〉 = 1, (15)
and since by symmetry the contribution of each compo-
nent must be the same,





























































= ρˆ− ρ−j , (21)
where ρˆ = 1/2 is the unpolarized (maximally mixed)






























The average of these expressions gives the form published



















This result is extended to n-qubits by defining an ap-
propriate basis for the density matrix expansion. For two
qubits the density matrix can be expanded in a polariza-








with basis elements defined in terms of a Kronecker prod-
uct of Pauli matrices
fj = σµ ⊗ σν , µ, ν = 0, 1, 2, 3, (25)
where σ0 is the 2 × 2 identity matrix and σ0 ⊗ σ0 is




























































with the equality holding only when the state is pure.
The average of (28) can be reduced by the evident sym-


















where the cross terms are zero once the average over all
the states is taken, because they are not correlated with
each other.
For the general n-qubit case, the basis element fj is a
Kronecker product of n Pauli spin matrices. The polar-
ization basis contains N2 − 1 elements fj with N = 2
n,








3The trace of the square of a pure-state density matrix is















































= N − 1 . (33)




















































The remaining step is to express the basis elements fj
in terms of a set of pure-state density operators. Such
operators are primitive idempotents [9, 10] in the algebra,
and in the n-qubit case they can be expressed as products
of n commuting simple idempotents. In the 2-qubit case,




(1± σµ ⊗ σν)
and note the following identities to express fj = σµ ⊗ σν
as a linear combination of pure-state density matrices
σµ ⊗ σν = (P+µν − P−µν) (P+νµ + P−νµ) , µ > ν
= (P+µ0 − P−µ0) (P+0ν − P−0ν) , µ > 0, ν > 0 .
A similar procedure is possible for the general n-qubit
case. Although the explicit expressions become rather
lengthy, the procedure is straightforward.
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